The concentration compactness principle of P.-L.Lions can be formulated in terms of general Hilbert space. Further applications to Sobolev spaces are given.
Decomposition in dislocated weak limits.
Let H be a separable Hilbert space. DEFINITION 1.1. A bounded set D of bounded linear operators on H shall be called a set of dislocations if it satisfies the following conditions:
k does not converge weakly to 0, then there exists a renamed subsequence of g k h
Let u, u k ∈ H. We will say that u k converges to u weakly with concentration, which we will denote as u k cw → u, if for all ϕ ∈ H, lim k→∞ sup g∈D (g(u k − u), ϕ) = 0. THEOREM 1.3. Let u k ∈ H be a bounded sequence and let D be a set of dislocations. Then there exist w (n) ∈ H, g (n) k ∈ D, k, n ∈ N such that for a renumbered subsequence
and, with an absolutely convergent series,
Proof. We define, on a renumbered subsequence,
If v
(1) k cw → 0, the theorem is verified with w (n) = 0, n ≥ 2. If not, there exist g (2) k and w (2) = 0 such that, on a renumbered subsequence,
If g
0, then, applying this product to (6) , and using (II), we obtain for a renamed subsequence,
Thus, on a renamed subsequence
However, using (5), we get
This contradiction implies that g
Recursively we define:
If for some n, v (n+1) k cw → 0, the statement is proved. Otherwise, there is g (n+1) k , and a w (n+1) = 0 such that, on a subsequence
An argument similar to that above shows that
Let us now expand the left hand side of the inequality v (n) k 2 ≥ 0 using (10):
The last term in (13) converges to zero due to (12). Let us estimate the third term.
in the last step we have applied (III) and (11). Combining (13) and (14) we get:
Due to (I) we can deduce from (15) that
It is easy to see, using (16) and (12), that the series g (n)
k w (n) (after passing to an appropriately rarefied subsequence) is absolutely convergent. Let > 0. Note that by (16) there is a M > 0, independent of the selection of w (n) 's such that the number of weak limits (11) with the norm exceeding /2 is less than M . This implies that if on every iteration step we will be selecting a weak limit with the norm exceeding /2 (if there is any), then for every g k ∈ D, any weak subsequential limit of g
will have a norm less than .
which verifies (4).
Assume now that
Shifts are a group of unitary operators on H, so properties (I,III) are immediate. To verify the property to (II), observe first that g α k 0 ⇔ |α k | → ∞. A bounded sequence sequence α k has a convergent subsequence, so that
, and the latter expression has the same limit as lim(u k , g − lim α k ϕ) = 0.
for N > 2 and 2 * = ∞ when N = 2. LEMMA 1.4. Let u k be a bounded sequence in
Proof. The if implication is an elementary corollary of Lemma 6 in [1] and can be also found in [2] . For the only if statement note that due to the shift invariance of L p -norm, all dislocated weak limits of Theorem 1.3 equal zero.
, let D be the group of shifts and let u k , w (n) , and g (n) k be as in Theorem 1.3. If F : R → R is a continuous function and for every > 0 there is a C < ∞ and a p such that 2 < p < 2 * and
When the dislocations are the product group of shifts and dilations h t u(x) := t N −2 2 u(tx), t ∈ (0, ∞), similar statements extend to the case of p = 2 * ([6]).
2 Asymptotically contractive sets. 
. Then there exists a set C of zero capacity and a set Y of zero measure such that
∈ Ω + α k holds on a subsequence, and x / ∈ Y , w(x) = 0. In other words, w(x) = 0 only for such x / ∈ Y that x ∈ Ω+α k for all k sufficiently large, that is, for x ∈ lim inf(Ω + α k ).
2. Note that there are convex combinations of u k (·−α k ) that converge in norm and thus quasi-everywhere, so that w(x) = 0 unless, apart from a set of zero capacity, x is in the union of translated Ω over any tail of the sequence, i.e. in lim sup(Ω + α k )). 
Proof. Without loss of generality we can assume that γ k = 0 since for any bounded sequence
We consider w refined and thus defined quasi-everywhere. Under condition (i), w = 0 a.e. on the open set R N \Ω implies that w = 0 q.e. on the closure of that set. Under the geometric assumption of (i) w = 0 q.e. in the complement of Ω. Same conclusion results from (ii) directly. The assertion of the theorem follows immediately from the Hedberg trace theorem [3] . Existence of least energy solutions for semilinear elliptic equations on asymptotically contractive domains can be proved by the same concentration compactness argument as for R N : [5, 6] and, for asymptotically cylindric domains, [4] .
